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Abstract As wind-turbine arrays continue to be installed and the array size continues to grow,
there is an increasing need to represent very large wind-turbine arrays in numerical weather
prediction models, for wind-farm optimization, and for environmental assessment. We propose a simple analytical model for boundary-layer flow in fully-developed wind-turbine
arrays, based on the concept of sparsely-obstructed shear flows. In describing the vertical
distribution of the mean wind speed and shear stress within wind farms, our model estimates
the mean kinetic energy harvested from the atmospheric boundary layer, and determines the
partitioning between the wind power captured by the wind turbines and that absorbed by
the underlying land or water. A length scale based on the turbine geometry, spacing, and
performance characteristics, is able to estimate the asymptotic limit for the fully-developed
flow through wind-turbine arrays, and thereby determine if the wind-farm flow is fully developed for very large turbine arrays. Our model is validated using data collected in controlled
wind-tunnel experiments, and its usefulness for the prediction of wind-farm performance and
optimization of turbine-array spacing are described. Our model may also be useful for assessing the extent to which the extraction of wind power affects the land–atmosphere coupling
or air–water exchange of momentum, with implications for the transport of heat, moisture,
trace gases such as carbon dioxide, methane, and nitrous oxide, and ecologically important
oxygen.
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1 Introduction
Wind-turbine arrays are increasing in number and covering larger areas both onshore and
offshore. It is anticipated that the installation of wind farms will continue with the increasing
interest in the transition of electrical power generation to renewable sources (GWEC 2015).
As wind-turbine arrays grow in size, particularly in areas with substantial wind resources,
significant areas of land and water are being developed for the harvesting of wind power.
However, not well understood is the size a wind-power plant must be for the flow to be
fully developed, which is an important distinction for wind-farm models accounting only for
vertical turbulent transport (i.e. single-column models). Due to the large vertical scale of wind
farms that extract significant kinetic energy from the atmosphere, it is likely that large wind
farms have a complex feedback effect on land–atmosphere exchanges, altering the surface
fluxes of heat, moisture and trace gases (e.g. CO2 , CH4 and N2 O). The prediction of scalar
transport near the Earth’s surface requires estimation of turbulent fluxes at the surface in the
region below the rotor. Modified surface shear stress can also result in changes in ocean air–
water exchange of energy, responsible for maintaining both the ocean-surface mixed layer,
as well as the budgets of surface heat and scalar fluxes (e.g. carbon and oxygen), which may
affect water quality and aquatic ecosystem processes.
Boundary-layer flow modified by large wind-turbine arrays has been studied extensively in
recent years (c.f. Frandsen 1992; Stevens and Meneveau 2017). Models have been developed,
ranging in complexity from describing the flow over a fully-developed turbine array as an
added aerodynamic surface roughness (Calaf et al. 2010), to large-eddy simulations (LES)
calculating the flow around individual turbines, as well as in the wake (Churchfield et al. 2012;
Wu and Porté-Agel 2012; Porté-Agel et al. 2013). Meneveau (2012) extended the addedroughness model to characterize the flow over a developing wind farm as a simple transition
of surface roughness. Stevens et al. (2016) formulated a model describing the interactions of
groups of wind-turbine wakes in the flow-development region of wind farms. In this context,
there is a need for a model of intermediate complexity to provide information on the vertical
distribution of the spatially-averaged flow in a wind farm, but which is not as expensive as
an LES model, and does not require the determination of many empirical coefficients. Such
a model may provide insight into the surface–atmosphere dynamic interaction associated
with the wind-turbine array, assist in the initial planning of wind farms, or act as a surface
model in mesoscale flow models of coarse resolution, where the details of the wind farm are
unresolved.
A wind farm can be classified as a type of “penetrable roughness”, which was a term
introduced by Brutsaert (1982), and is commonly associated with canopy or obstructed
shear flows (Finnigan 2000; Ghisalberti 2009). Common examples include forests of trees
and arrays of buildings in urban areas. In such flows, the form drag of the tall roughness elements dominates the momentum exchange, while surface skin friction typically
used in the surface-layer schemes of mesoscale models of the atmospheric boundary layer
(ABL) is, while not negligible, relatively small (Stull 1988). As industrial-scale wind
farms expand, a significant new type of land cover characterized by tall wind turbines
will emerge, each designed to efficiently extract kinetic energy from the ABL (Keith
et al. 2004). Depending on the efficiency of a wind farm, the momentum extracted from
the ABL within the rotor region may result in a significantly reduced shear stress at the
ground or water surface, which may alter transport physics at the Earth’s surface, lead-
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ing to changes in micro-climates. There is evidence from remote-sensing observations that
very large-scale wind farms are changing the land-surface temperature (Cervarich et al.
2013).
Markfort et al. (2012) conducted wind-tunnel experiments to characterize the turbulent
structure of the flow within and above a large wind-turbine array. Unlike a rough-surface
boundary layer, the turbulent flow characteristics in the scaled-down wind-turbine array were
found to exhibit properties more like that of a canopy flow. Typical of an obstructed shear
flow, measurements of the horizontally-averaged flow revealed an inflected mean wind-speed
profile within and above the turbine array. Inflected velocity profiles are hydrodynamically
unstable, leading to the formation of Kelvin–Helmholtz vortices, which may be responsible
for significant momentum entrainment into the wind-farm canopy. The vertical distribution
of the kinematic momentum flux was found to have a maximum near the level of the upper
rotor tip of the wind farm, and decreased towards the surface. Zhang et al. (2013) conducted
experiments to determine the effect of the turbine array on surface heat fluxes, and found
a net reduction in the surface flux for a fully-developed staggered configuration of wind
turbines.
Unlike dense canopies where the wakes of individual roughness elements strongly
interact, resulting in nearly homogeneous flow between the roughness elements (Poggi
et al. 2004), sparse canopies are characterized by significant inhomogeneities in the mean
flow between roughness elements, which lead to extensive flow-development lengths and
large dispersive fluxes, particularly within the flow-development region (Bohm et al.
2000). The flow in an array of roughness elements can be considered fully developed
when the momentum of the flow at the leading edge of the array has been absorbed
by the drag elements (Belcher et al. 2003). The additional momentum absorbed by the
array is transported by the vertical turbulent flux from the flow above the wind farm.
Employing scaling analyses for the governing equations that include the effects of verticallydistributed drag on the flow, numerous semi-analytical and asymptotic models have been
proposed for flow in dense and sparse canopies (Harman and Finnigan 2007; Belcher
et al. 2012; Wang 2012). A similar scaling analysis can be performed to determine the
distance required for the flow within a canopy to become fully developed, and may be
appropriate for describing the mean flow within an array of wind turbines. Models of
the distributed-drag type have been investigated for use in mesoscale models of coarse
resolution, where the details of individual turbine wakes are at the subgrid scale, and
must be modelled (e.g. Frandsen et al. 2009; Fitch et al. 2012; Abkar and Porté-Agel
2015b; Volker et al. 2015). A recent review by Stevens and Meneveau (2017) provides
an overview of flow models of varying complexity developed in recent years for wind
farms.
We investigate here a simple analytical canopy-type model for representing the mean flow
and turbulence transport within very large wind farms. The model is shown to reproduce
the vertical profiles of mean velocity and momentum flux, as well as the shear stress at the
ground or sea surface. The independent variables in the model are the turbine geometry,
turbine spacing, and the underlying surface roughness. The model is validated using data
collected in controlled wind-tunnel experiments. Also evaluated are derived quantities, such
as the vertical distribution of the flux of mean kinetic energy and the production of turbulent
kinetic energy, which may be related to the wind-farm performance. We discuss the possible
uses for the model as a parametrization to represent wind farms in large-scale weather and
climate models, or for wind-farm optimization. Our model may also be used to determine
the reduction of surface shear stress resulting from wind-farm development, which may be
useful for assessing environmental impacts.
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2 Theoretical Background
2.1 Wind-Farm Boundary Layer
For any array of tall roughness elements (Fig. 1), the ABL can be separated vertically into
three characteristic layers, including the roughness sublayer (RSL), which extends above the
canopy layer, the inertial or surface layer where the logarithmic law applies, and the outer or
Ekman layer (Brutsaert 1982). The RSL is typically about twice the thickness of the canopy
layer (2Z H ), while the surface layer (where Monin–Obukhov similarity theory (MOST) is
applicable) exists above the RSL and below the outer layer, or between approximately 2Z H
and about 15% of the total ABL thickness. Generally, the ABL thickness is between 200 and
3000 m, depending on the surface roughness and whether the surface is cooled or heated
(Garratt 1992). For the wind-farm boundary layer, where the height of industrial-scale wind
turbines is typically 100 m, the RSL may be 150–300 m deep. Therefore, it is likely that
the inertial layer may only conditionally exist over large wind farms, and modelling wind
farms as an enhanced surface roughness may not be applicable. For mesoscale weather and
climate models, using an added-roughness parametrization of the surface is common and
appropriate, as the first grid level often resides in the surface layer of the ABL (∼10–100 m).
However, because the wind farm intersects this region, it becomes necessary to model the
vertically-distributed drag of the wind farm above the surface to better represent the effect
of the wind farm on the structure of the ABL (e.g. Frandsen et al. 2009; Baidya Roy 2011;
Fitch et al. 2012; Volker et al. 2015). Although the definitions are similar, the height of a
typical vegetation canopy is significantly less than that of a wind-farm canopy. In fact, it is
common for the inertial layer to be present over vegetation.
The vertically-distributed drag within a canopy causes an inflected mean velocity profile,
resulting in a Kelvin–Helmholtz instability around the top of the wind farm. At least two
important length scales used to characterize the flow interaction between the canopy and ABL
are the development length scale L c for the canopy drag, and the shear-penetration length
scale L s (see Belcher et al. 2012, and references therein), corresponding to the horizontal
and vertical scales, respectively. These are related to the absorption of momentum within the
canopy, which may be related to the overall performance of the wind farm. Figure 2 illustrates
both length scales for an idealized wind-farm canopy, which are related to the geometry of

Fig. 1 Schematic of the vertical structure of the wind-farm boundary layer. Here, Z H represents the depth of
the wind-farm canopy. The RSL extends above the top of the canopy, and there may be a limited inertial or
surface-layer region above the RSL under some conditions. The outer layer or Ekman layer extending to the
top of the ABL is superimposed on the wind-farm boundary layer
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Fig. 2 Schematic of a developing wind-farm canopy-type flow. The distance required for the flow to develop
L c and the shear penetration length scale L s are directly related to the drag forces due to the wind farm. The
geometry of the wind-turbine array is characterized by the height of the turbines Z H and the diameter of the
rotor D. The spacing between wind turbines is described by Sx . Illustrated are representative profiles of mean
velocity upwind of the array and in the fully-developed region, as well as the shear stress

the canopy, including the size of the wind turbines (height Z H and rotor diameter D) and
turbine spacing Sxi , as well as the turbine performance described by the thrust coefficient C T .
In order to determine these length scales, we need a model to describe the mean wind-speed
profile in wind-turbine arrays.
We propose to model a wind-turbine array using a canopy-type modelling framework,
which is appropriate for horizontally-homogeneous flow deep within a wind-turbine array.
To employ this approach, a representative averaging scale must be selected. For a uniform
canopy, the average spacing of the canopy elements is an appropriate averaging scale. The
vertical resolution may be chosen to adequately resolve the variability of the vertical variation
in canopy features. The regular spacing generally employed in wind-farm design conveniently
allows for the spatial scale to be taken as the unit plan-form area around wind turbines A f .
The temporally- and horizontally-averaged velocity for flow through a wind farm has three
components, U , V , and W , where only U (z) is relevant for fully-developed flow aligned
with the mean wind direction. The streamwise velocity component may be decomposed
into u = U + ū ′′ + u ′ , where U = ⟨ū⟩ is the temporally- and spatially-averaged velocity
(signified by an overbar and angle brackets, respectively), ū ′′ = ū − U is the spatial variation
of the time-averaged flow around individual turbines, and u ′ = u − ū denotes temporal
velocity fluctuations. For a neutrally-stratified ABL, the spatially- and temporally-averaged
momentum conservation equation may be formulated as
0=−

1 ∂P
∂τ (z)
−
+ f w f (z),
ρ ∂x
∂z

(1)

" #
!
$
where τ (z) = u ′ w ′ + ū ′′ w̄ ′′ is the total wall-normal shear stress, composed of the aver!
"
age kinematic turbulent shear stress u ′ w ′ and the commonly-termed dispersive flux of
$
#
momentum ū ′′ w̄ ′′ . Here, ρ is the air density, P is the mean pressure and f w f (z) is the
horizontally-averaged turbine-induced thrust force within the wind farm. Viscous stresses
may be neglected for high-Reynolds-number flows, as they are generally insignificant compared with turbulent stresses. The dispersive stress arises from variations in the mean flow
within the canopy resulting from horizontal averaging of the momentum conservation equation, and represents the contribution to momentum transfer from correlations between spatial
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variations in the time-averaged flow. While the Coriolis force is not considered within the
wind-farm canopy, it is important for describing the turning of the flow in the Ekman layer
above the wind-farm canopy. The friction velocity u ∗ is defined based on the Reynolds stress
at the top of the canopy, z = Z H . For sparse canopies, where momentum is absorbed by
tall roughness elements, as well as by the underlying surface, it is likely that a surface-layer
mixing length may be important close to the surface, while canopy scaling may be dominant
near the top of the canopy.

2.2 Model Parametrization
The total stress for a homogeneous wind-farm boundary layer is a combination of Reynolds,
dispersive, and viscous stresses normal to the surface. The Reynolds stress may be
parametrized using Prandtl’s mixing-length formulation as
!

&
%
"
∂U 2
u ′ w ′ = −lm2
,
∂z

(2)

where for the surface layer, lm = l S L = κz, where κ is the von Karman coefficient (≈0.4).
For flow in a dense canopy lm = lC = αL c (following Belcher et al. 2003), where α may
be approximately constant (O(α) < 1) within the canopy (Cionco 1965). As the number
of wind turbines and, subsequently, the power extraction per unit ground area increases, the
mixing length transitions from a surface-layer scale to a length scale corresponding to an
obstructed shear layer or canopy flow. In their study of a plant canopy, Massman and Weil
(1999) found α < 1, and a leaf area index in the range from one to four. Coceal and Belcher
(2004) proposed a model for lm that varies smoothly from a length scale characteristic of a
canopy to that of the surface, using a harmonic-interpolation function. This model neglects
dispersive stresses, and is considered an approximation for sparse wind-farm canopies, as the
dispersive stress may be ≈10% of the total stress based on previous experiments with wakes
well distributed within the canopy. While this approximation is inadequate for the special
case of a perfectly-aligned wake (Markfort et al. 2012), previous studies have found that
flows from non-aligned directions are common, and, in general, the wind-farm flow more
closely follows that of the staggered arrangement, leading to reduced dispersive stresses for
fully-developed flow conditions (Porté-Agel et al. 2013)
The mixing length formulated by Coceal and Belcher (2004), and modified by Wang
(2012), takes the form
lm = κzs,
(3)
where

' (
)−1/N *
s(z) = lC (lC ) N + (κz) N
.

(4)

Here, the distribution of the mixing length varies smoothly with height from the surface-layer
length scale (κz) to a length scale representative of the mean shear layer near the top of the
wind-turbine array. The weighting parameter N proposed by Wang (2012) may be used as a
fitting parameter, but was found to be generally close to a value of one for high-Reynoldsnumber sparse-canopy flows.
The turbine-induced thrust is represented using a typical turbine-thrust model,
1
2
FT = − ρC T Ar U∞
,
2
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where C T is the thrust coefficient and Ar is the rotor-swept area. The force per unit mass
distributed over the unit area occupied by wind turbines takes the form
fw f =

FT
,
ρZH A f

(6)

where Z H is the height of the upper blade tip of the wind-farm canopy, A f = Sx S y D 2 is
the unit area of ground per turbine, and D is the rotor diameter. Here, Sx and S y are the
dimensionless spacing between wind turbines in multiples of D, in the x (streamwise) and
y (spanwise) directions, respectively. By combining Eqs. 5 and 6, f w f may be expressed as
the ratio of the mean velocity squared and the drag-development length scale L c , which can
be written in terms of the wind-farm geometry and thrust coefficient as
Lc = 2

Sx S y
ZH A f
= 8Z H
.
C T Ar
πC T

(7)

The horizontally-averaged velocity within the wind-turbine array is not equivalent to the
undisturbed far-field velocity U∞ in Eq. 5. Abkar and Porté-Agel (2015b) investigated the
effect of substituting a spatially-averaged velocity in Eq. 6 and found that the formulation
requires a correction factor ranging between 0.97 and 1.13, depending on the configuration
of the turbine array.

2.3 Estimating the Entrance Length of a Fully-Developed Wind Farm
The above modelling framework requires a wind farm large enough to ensure fully-developed
flow (i.e. momentum and energy is only transported into the wind farm from above and
not advected in from the leading edge). A simple scaling analysis can be performed to
approximate the required development length (Belcher et al. 2003). If we assume the drag
force due to the wind-farm canopy is balanced by the streamwise advection of momentum
entering the canopy at the first row of turbines, then the momentum conservation equation
simplifies to
∂U
U
(8)
≈ fw f .
∂x
Following a perturbation analysis, such as that presented by Coceal and Belcher (2004), this
formulation can be solved analytically, resulting in a mean streamwise velocity component
of
U (x, z) = U (x0 , z) exp [−x/L c ] ,
(9)
where L c is the length scale required for the flow to reach full development after an abruptly
imposed drag force. Here, L c approximately scales with the distance from the front edge of
the wind farm required for the spatially- and time-averaged flow to develop within the wind
farm (Markfort et al. 2012).
As the flow enters the wind farm, the mean streamwise velocity component decreases due
to the imposed canopy thrust force. Due to continuity, the horizontal momentum is advected
vertically out of the wind farm. With increasing distance, the flow adjusts within the wind farm
and the mean vertical velocity component exponentially decreases until the advected vertical
momentum flux is of a similar magnitude to the downwards turbulent momentum flux, such
that W (Z H ) ≈ u ∗ . The distance required for this adjustment is proportional to L c . Belcher
et al. (2003) and Coceal and Belcher (2004) investigated the adjustment length for an urban
canopy and found the distance for the flow to adjust is generally about 3L c . An analogous
formulation involving L c can be derived for the power extracted from horizontally-advected
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flow through the leading edge and transported from above the wind farm. Since power scales
as the cube of the mean velocity, the adjustment length will be closer to L c for describing
power adjustment.
For example, consider the Horns Rev 1 wind farm located in the North Sea off the coast
of Denmark, which has a total height Z H = 110 m and a turbine spacing of Sx = S y = 7. If
we assume a typical thrust coefficient C T = 0.7, then L c /Z H ≈ 180 or L c ≈ 20 km. As the
wind farm has a rhomboidal footprint with horizontal dimensions of approximately 5 km ×
3.8 km, which is significantly less than L c , the flow does not become fully developed within
the wind farm, as supported by evidence presented in Hasager et al. (2013). The Lillgrund
offshore wind farm, which is located 10 km from the south-western coast of Sweden between
Copenhagen and Malmö, is an example of a wind farm with relatively closely spaced turbines,
and has a footprint of about 2.8 km × 2.15 km, and turbine spacings of Sx = 4.3 and S y = 3.3.
As the height of the wind farm is Z H = 110 m and if we again assume C T = 0.7, the resulting
development length scale is only L c /Z H ≈ 51 or L c ≈ 5.7 km, resulting in a flow closer to
being fully developed at Lillgrund due to the closer spacing of the turbines.
Until recently, wind farms have generally not been large enough for the ABL to fully adjust
to the underlying wind farm. However, newly constructed wind farms, such as the offshore
London Array and onshore Gansu (China) wind farms, as well as future projects, have larger
footprints and thus meet the criterion for fully-developed flow. The analysis of power-deficit
data from Horns Rev 1 (Barthelmie et al. 2010) and recent numerical simulations (PortéAgel et al. 2013) considering highly variable wind directions for staggered configurations,
demonstrate that the extracted power varies exponentially with distance from the first turbine,
and requires a distance greater than the length scale of the wind farm to asymptotically
adjust. While it is difficult to accurately extrapolate from the data, the distance required for
adjustment is of a similar scale to the estimate of L c .

3 Model for Fully-Developed Flow in a Wind-Farm Canopy
Sparse canopies may be defined as a cluster or array of roughness elements tall enough to
absorb substantial momentum due to form drag, but with an aggregate roughness density
low enough to allow a significant amount of momentum to be transferred to the surface
and absorbed through surface friction. Similar flows have been studied in the context of
urban meteorology. Generally, flows in sparse canopies have been studied using numerical
solutions to the momentum conservation equations, with quadratic-drag and mixing-length
parametrizations similar to those presented in Sect. 2.
While the non-linear relationship between the mean wind speed and the canopy drag force
generally requires numerical solutions, Wang (2012) proposed a linearized form for the dragforce equation, and demonstrated its applicability for sparse canopies. Here, we employ this
approximation for the turbine-induced force by relating the force to U (z)|U Z H | instead of
U (z)|U (z)|. Substituting Eqs. 2 and 6 into Eq. 1, and further simplifying by assuming a zero
pressure gradient within the array, results in
∂
−
∂z

%

∂U
Km
∂z

&

= C TL

Ar
U (z)U Z H ,
A f ZH

(10)

where the eddy viscosity K m = lm u ∗ = κzs. The linear form of the momentum conservation
equation can be solved analytically by taking a constant value for s(z) = s(Z H ), which
results in the following relationship for the mean wind speed,
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Fig. 3 Normalized mean velocity profiles for variations in wind-turbine spacing for constant surface roughness
(left), and comparing turbine spacing and roughness length (right)

U (z) = C1 I0 (g(z)) + C2 K 0 (g(z)),

(11)

where the coefficients of integration are C1 and C2 , and I0 and K 0 are the modified Bessel
functions of the first and second kinds, respectively, of order zero. Here, I0 and K 0 are
functions of

where

+
g(z) = 2 βz/Z H ,
β = C TL

Ar
Af

%

z UZ H
lm u ∗

(12)
&

.

(13)

Here, β can be interpreted as a dimensionless attenuation coefficient that characterizes the
deficit in the vertical profile of wind speed within the wind farm. This coefficient determines
the shape of the velocity profile by integrating the effects of turbine size and spacing, while
including the variation in mixing length and a linearized thrust coefficient C TL , which defines
the turbine performance. The value of C TL is not known a priori but may be obtained by solving
for β iteratively using the boundary conditions. Alternatively, Wang (2012) proposed that β
be approximated using the following empirical quadratic relationship,
,
,
-2
β = 4.52 Ar /A f + 0.62 Ar /A f ,
(14)
which is only a function of the frontal-area index (equivalent to Ar /A f for wind farms).
The two coefficients of integration are determined from Eq. 11 for the no-slip condition
at z = z 0 and for U Z H , giving
C1 = U (Z H )[I0 (g(Z H )) − I0 (g(z 0 ))K 0 (g(Z H ))/K 0 (g(z 0 ))]−1

(15)

C2 = C1 I0 (g(z 0 ))/K 0 (g(z 0 )).

(16)

and
We use Eq. 14 to estimate C TL at z = Z H and then allow β to vary with height following
Eq. 13.
Figure 3 shows model results for wind farms with different turbine spacings, as well as
for terrestrial versus offshore surface roughness. Both the mean turbine spacing and surface
roughness affect the shape of the mean wind-speed profile and subsequently the vertical
transport of momentum and energy into the wind-turbine array.
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4 Comparison with Experimental Data
4.1 Measurements of Fully-Developed Wind-Farm Flow
Measurements of fully-developed wind-farm flow were obtained in a boundary-layer
wind-tunnel study (see Markfort et al. 2012), which considered the development of a
neutrally-stratified turbulent boundary-layer flow through and over an array of scaled, operating wind turbines. Figure 4 shows a schematic of the model wind turbine, with two layouts
considered to investigate changes in the wind direction. Perfectly aligned and perfectly staggered configurations provide insight on the variability of the ABL development in and over
wind farms. The spacings of the turbines are Sx = 5 and S y = 4 in both configurations. The
diameter of the rotors is D = 128 mm, and the height of the upper blade tip is Z H = 168 mm.
The area of the rotor-swept plane is Ar = 0.013 m2 , and the unit area of ground per turbine
is A f = 0.34 m2 . Figure 4 shows the vertical distribution of rotor area per unit ground area,
normalized by Ar /A f . The “rotor region” describes the unit volume around each turbine
between the height of the lower (z = Z H − D) and upper blade tips (z = Z H ). For the
staggered case, the even-numbered rows are offset laterally by 2D (Fig. 5). To characterize
the spatially-averaged mean flow, multiple profiles were collected and averaged downwind
of the 12th and 11th rows of turbines at four spanwise locations for the aligned and staggered
wind farms, respectively (Fig. 5). The representativeness of the spatially-averaged flow by
the selected profiles is confirmed with simulations of the model wind farm, for equivalent
inflow and forcing conditions using a validated research-level LES code (Wu and Porté-Agel
2012).
Figure 6 shows the mean velocity profiles for the aligned and staggered wind-farm configurations, as well as total stress profiles and contributions of the dispersive stresses. The
velocity profile exhibits a mild inflection, which is characteristic of canopy-type flows resulting in large-scale Kelvin–Helmholtz instability in the flow. Also, unlike dense canopy flows,
the velocity does not become zero within the canopy layer, but is significant near the surface.
The inflection point and height of maximum shear stress occurs at z ≈ 0.9Z H , which is
taken to define the aerodynamic top of the canopy. The shear stress decreases within the rotor
region of the wind-farm canopy due to the drag of the wind turbines, which follows Eq. 1
by neglecting the pressure gradient, and is illustrated in Fig. 2. Approximately 20% of the
total momentum transported downwards into the wind farm bypasses the wind turbines and

Fig. 4 Wind-turbine model (left) and vertical distribution of the normalized local rotor area per unit volume,
ar (z) (right)
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Fig. 5 Layout of turbines and measurement locations of four measurement profiles in the staggered wind
farm (indicated by asterisks)

Fig. 6 (Left) Mean, spanwise-averaged velocity profiles measured within an aligned and staggered wind farm.
(Right) Total-stress and dispersive-stress profiles normalized by u 2∗

is transferred to the ground. Dispersive stresses are found to be significant for the aligned
wind farm, amounting to 40% of the maximum total stress. The maximum dispersive stress
is 10% for the staggered case (Markfort et al. 2012).
The large dispersive stresses may be an indication that the flow through the aligned wind
farm may not be fully developed. This is supported by the estimated magnitude of L c , which
is significantly larger than the model wind farm for the aligned case. In contrast, as the
staggered wind farm has a much smaller estimated L c , we only consider the flow in the
staggered wind farm here. The alignment of wakes may be considered a special case rarely
occurring under practical field conditions as evident from field measurements (Barthelmie
et al. 2009). Results from LES cases considering a wide range of wind directions for the
Horns Rev 1 wind farm indicate that the majority of wind directions result in similar flow
patterns, with wakes extending between rows of downwind turbines, leading to reduced
dispersive stresses and nearly fully-developed flow conditions (Porté-Agel et al. 2013). The
flows from non-aligned directions may be considered staggered, and, in general, the windfarm flow behaves closer to that of the staggered arrangement under most conditions. Indeed,
the occurrence of wakes perfectly aligned with the neighbouring wind turbines may be further
prevented by the use of wind-farm control strategies, such as wake steering (Bastankhah and
Porté-Agel 2015).
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Fig. 7 Plot of the distribution of
the measured thrust coefficient in
the fully-developed staggered
wind farm and a Gaussian fit

While the thrust coefficient for a wind farm is effectively equivalent to the drag coefficient
used for meteorological applications for urban and forest canopies, the convention from
engineering aerodynamics means a constant of 1/2 is factored out of the coefficient. Here,
we use the engineering convention and maintain the factor separate from the value of the
thrust coefficient C T , which is estimated from the measured turbulence profiles using Eq. 1
by rearranging Eqs. 6 and 7 to give
%
&%
&
8Z H Sx S y
∂τ (z)
CT = −
,
(17)
∂z
U 2π
where the pressure gradient is negligible in the wind-tunnel experiments. Figure 7 shows the
distribution of C T measured across the rotor region of the wind farm, which is described well
by the Gaussian function
. ,
-2 /
r
R −b
C T = a exp −
,
(18)
2c2
where r/R is the distance from hub height normalized by the rotor radius, with the coefficients
a = 1.06, b = 0.086, and c = 0.385. The vertically-averaged C T is 0.49 for the staggered
wind-farm configuration, which compares well with results (C T = 0.45) from numerical
simulations of the flow through a similar model turbine (Wu and Porté-Agel 2012). The
details of the distribution for C T may depend on the wind shear and atmospheric stability,
with the wake shifted towards the surface, likely due to the vertical shear of the mean velocity.
The experimental values indicate a significant drag on the nacelle, which leads to a large value
for C T at the centre of the profile. However, it is likely that the nacelle has a smaller effect
within a full-scale wind farm.

4.2 Role of the Shear Layer and Displacement
To demonstrate the role of the mean shear layer and consequent Kelvin–Helmholtz instability
in the transport of momentum and energy into the turbine array, we next consider the shearpenetration length scale L s , which is related to the shear instability caused by the inflection
point in the mean velocity near the top of the wind farm. This characteristic length scale
of the large-scale instability is caused by the wind-farm canopy, which is a mechanism for
the transport of momentum into the wind farm from above, and is approximated from the
velocity profile by
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L s = U0.9Z H

0%
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&

.

(19)

z=0.9Z H

For plane mixing layers, it may be assumed that the distribution of large-scale vorticity
generated by this instability is symmetric about the inflection point in the velocity profile,
and shear penetration may be approximately L s /2 (Fig. 2). In the staggered wind farm, the
measured relative shear-layer thickness is 0.5L s /Z H = 1.5 (Markfort et al. 2012). Due to
the presence of the wind turbines causing the shear flow, as well as the underlying ground
or water surface, it is likely that the resulting large-scale motions are altered by blockage.
Another measure of the shear length scale is the vortex-penetration depth, which may be
defined based on classical mixing-layer analysis following Raupach et al. (1996). However,
unlike a mixing layer with a constant velocity away from the shear layer, for a canopy flow,
a representative mean velocity must be chosen from above and within the canopy. Here, we
define the depth of vorticity penetration based on the mean velocity at heights of 10% and
twice the geometric height of the wind-farm canopy as
δω =

Uz=2Z H − Uz=0.1Z H
, 1 ,
∂U ∂z z=0.9Z

(20)

H

where the inflection in the velocity profile is detected at 90% of the wind-farm height (Markfort et al. 2012). For the fully-developed flow in the staggered wind farm, δω /Z H = 1.25
or about 40% of L s . From Thom (1971), the zero-plane displacement of the inertial layer is
related to the height at which the resultant thrust force acts within the canopy, but here to the
vorticity-penetration length scale as
d
1 δω
=1−
,
ZH
2 ZH

(21)

which results in d/Z H = 0.37. This is similar to the value d/Z H = 0.38 determined by
Markfort et al. (2012) based on the logarithmic-law fit of the velocity profiles above the
wind farm. For sparse canopies and typical industrial-scale wind farms, the displacement
thickness may be negligible and the resultant of the mean momentum is, therefore, applied
below the rotor region, near or at the land or water surface. This parameter may be considered
for assessing the performance and optimization of wind-farm layouts.

4.3 Validation of the Analytical Model
Figure 8 shows the comparison of the measured mean velocity within the staggered wind
farm (see Fig. 6) with the result of the sparse-canopy model. The two key features captured
by the model include the attenuation of the mean velocity with height near the top of the wind
farm through the rotor region (see also Fig. 3), and the no-slip condition at the surface. The
shear-stress profile correctly partitions the amount of momentum absorbed by the wind farm
and the shear stress near the surface, while reasonably following the measured values. The
momentum absorbed by the surface is approximately 15–20% of the total vertical momentum
flux, which is important for understanding the behaviour of the wind-farm canopy, as well
as the nature of turbulent transport at the surface–atmosphere interface.
The deviations between the measured and modelled shear stress are likely due to the
simplified approximation of the mixing length (Eq. 4), where Eqs. 2, 4, and 11 may be used
to compare the model with the measured profiles. The mixing-length model reproduces the
general features of the length scales of the flow, with the values near the surface being weighted
towards surface-layer scaling, while the mixing length approaches a constant value of lc near
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Fig. 8 Comparison of the normalized, fully-developed profiles in a staggered wind farm (circles) with the
prediction from the analytical sparse-canopy model (line). Mean velocity (left), and shear stress (right)

the top of the wind farm. Differing from the form proposed by Eq. 4, measurements indicate
the mixing length reaches a maximum near the centre of the rotor region, and then decrease up
to Z H , which may partially explain the difference between the model and the measured shear
stress. Above the wind farm, the measured mixing length increases linearly, indicating the
presence of an inertial layer, as was identified in Markfort et al. (2012). This is similar to the
results reported by Coceal et al. (2006), who compared detailed high-resolution LES results
with the simplified mixing-length model. Additional uncertainty of our analysis follows from
the limited number of profiles for calculating the horizontally-averaged shear stress, which
is more sensitive to the location and number of profiles used for horizontal averaging than
the mean velocity. The mixing-length model, Eq. 4, provides a good approximation that is
simple to implement, captures the average behaviour of the mean flow, and results in a reliable
partitioning of the momentum flux.
Measurements also show that, unlike the upper and side edges of the wake, where shear
and turbulence generation are strong, the lower part of the wake is characterized by relatively
smaller shear and turbulence (which may be even lower than the turbulence level of the
incoming flow, Markfort et al. 2012). This is likely responsible for the relatively low values
of the shear stress and kinetic energy found at heights slightly below the lower rotor edge
in Figs. 8 and 9. Including this effect may improve the model, and would be particularly
important for dense arrays where the sources of turbulence occupy a significant portion
of the wake volume between turbines. However, as wind farms have become sparser due
to concerns that coherent wake turbulence may be impacting adjacent wind turbines, and
leading to fatigue damage, the significance of this factor may have already been reduced.

5 Evaluation of Wind-Farm Performance
Frandsen (1992) proposed that the kinetic energy harvested by large wind farms is derived
from the turbulent ABL above the wind farm delivered by the vertical flux of mean kinetic
energy (MKE). Some of the MKE is lost to dissipation through the generation of turbulent
kinetic energy (TKE) resulting from strong shear production between the turbine array and the
atmosphere above, between turbine wakes within the rotor layer, as well as at the underlying
surface. Ultimately, energy not captured by the wind farm is dissipated as explored in detail
by Calaf et al. (2010) and Abkar and Porté-Agel (2013) using numerical simulation, and by
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Fig. 9 Comparison of measurements with the results of the sparse-canopy model for the flux of MKE (left),
and the production of TKE (right). The rotor region extends from z/z H of 0.24–1.0

Cal et al. (2010) using wind-tunnel experiments for a 3 × 3 model-turbine array. For very
large wind-turbine arrays, the MKE equation for the horizontally-averaged mean flow may
be approximated as
Pw f (z) = FM K E − εT K E ,
(22)
where Pw f (z) = U f w f is the energy harvested by the wind turbines, which is balanced by
the difference between the vertical flux of mean kinetic energy, FM K E = −∂ (τx z U ) /∂z and
the dissipation of TKE, which is approximated by the production of TKE, εT K E = PT K E =
τx z (∂U /∂z) (Wyngaard 2010). Here, Pw f is not equal to the power produced by the wind
farm due to inefficiencies of the turbines in the process of converting harvested wind power
to electricity.
The two terms on the right-hand side of Eq. 22 may be evaluated from the mean-velocity
and shear-stress profiles derived from Eqs. 2 and 11, respectively. The comparison between
the modelled and measured quantities of the MKE equation is presented in Fig. 9, where
good agreement is demonstrated. The difference of FM K E between Z H and Z H − D is the
amount of MKE removed in the rotor region. For the experiments, the rotor region extends
from z/z H = 0.24 to z/z H = 1. Integrating the PT K E curve across the rotor region provides
an estimate of MKE lost to turbulence. The difference between the MKE removed in the
rotor region and the energy lost to turbulence is the amount of energy extracted by the wind
farm. Hence, wind farms may be optimized for Pw f considering the turbine size and spacing,
as well as the underlying surface roughness, using this estimate for the extracted energy.

6 Discussion and Conclusion
We have presented a simple analytical model for the flow in a wind-farm canopy for representing the mean wind-speed and shear-stress distributions, evaluating wind-farm performance,
and assessing changes in surface–atmosphere exchange. Inputs to the model include the
wind-turbine geometry, turbine spacing, turbine performance, and the underlying surface
roughness. The model reproduces the no-slip condition at the surface and the resulting surface shear stress by varying the mixing length with height inside the wind farm. The model
may be useful when the details of the flow around individual turbines are not required, where
only the spatially-averaged features of the wind-farm flow are of interest. While the model
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is validated with data collected in wind-tunnel experiments for scaled horizontal-axis wind
turbines, it would also be applicable for an array of vertical-axis wind turbines.
The model can be solved using basic spreadsheet software, or inexpensively employed as a
boundary condition in regional-scale models for numerical weather prediction and wind-farm
development. The model may be a useful tool for wind-farm optimization as it accounts for
the turbine size and spacing. The effect of changing the underlying land cover on wind-farm
performance may also be evaluated by varying the surface roughness. Wind-farm performance may be optimized in the preliminary design phase of the wind farm by adjusting the
turbine spacing. The optimum turbine spacing may be estimated by minimizing the amount
of momentum transferred to the underlying surface and, therefore, intercepted by the wind
turbines. It may be desirable to maintain a large shear-penetration scale to efficiently transfer
momentum down from the ABL above the wind farm to the entire rotor region, but not so
large that significant energy is absorbed by the land or water surface below the wind farm.
Based on the profiles of the flux of MKE, the optimum wind-farm layout has most of the
MKE absorbed in the rotor region, with minimal transfer to the surface. If the turbine spacing
is too small, the resulting shear production of TKE is high near the top of the wind farm,
causing high turbulence intensity, and leading to excess fatigue loading as well, resulting in
a reduction in energy harvested. If the turbine spacing is large, the production of TKE would
be lower in the rotor region and higher at the ground. For example, in the case of the model
wind-turbine array investigated in the wind-tunnel experiments, the turbines could have been
spaced closer together to capture the excess momentum transferred to the underlying surface.
The model may also be useful to investigate changes in mean transport at the surface,
which may alter surface–atmosphere turbulent exchange. For example, in the case of offshore
wind power, it may be important to know the impact of the extraction of mechanical energy
from the ABL on the mixing in the surface waters of the ocean or large lakes (Carpenter
et al. 2016), which may significantly affect the thermal stratification in the water column, the
overall energy budget, as well as the water quality and ecological productivity (Markfort et al.
2010). Onshore changes in surface fluxes may impact surface heating and cooling as well as
condensation, which may change the energy balance and impact ecosystem and agricultural
health (Rajewski et al. 2013).
The entrance or flow-development length for a wind farm is explored using a simple
scaling analysis. The decay of the horizontal advective flux of momentum is evaluated to
determine the point where the downwards turbulent momentum flux becomes significant,
where the drag-development length scale may provide a useful parameter for assessing if a
wind farm is large enough for the flow to be considered fully developed. While it is unlikely
that existing wind farms are large enough to exhibit fully-developed flow, it should be noted
that this criterion only focuses on the flow within the wind-farm canopy. Also important is
the consideration of the development of the ABL above the wind farm based on classical
roughness-transition scaling, as well as the impact of the height and strength of the capping
inversion (Abkar and Porté-Agel 2013; Meneveau 2012; Allaerts and Meyers 2017). The
resulting flow profiles are important in establishing the upstream boundary conditions for
investigation of the spatial extent of canopy wakes and wind-resource recovery downwind
(Markfort et al. 2014).
Our model does not include the effects of thermal stability, which is known to change the
structure, levels of mixing, and surface fluxes in the ABL. The magnitude of the dynamic
effects of thermal stratification has yet to be investigated for fully-developed wind farms.
Previous studies investigating stratification have primarily focused on the effects of the wake
from a single turbine (Abkar and Porté-Agel 2015a). Limited experimental and simulation
data indicate that stratification may be limited by the significant turbulence generated and
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transported within the fully-developed flow of the wind-farm canopy (Calaf et al. 2011; Markfort et al. 2012; Zhang et al. 2013). However, stratification will have a significant impact on
the structure of the inflow, and potentially on the developing-flow region of a wind farm. It is
likely that, in most circumstances where stratification is important in fully-developed wind
farms, wind speeds will be small and turbine operation will be limited. Under conditions
when the turbines are not operating, the boundary-layer model should not include the effect
of the wind-farm canopy as the thrust coefficient is zero, and a standard boundary-layer model
should be used.
Future research should investigate the performance of the model in representing the windfarm canopy flow at very large full-scale wind farms, using carefully measured and spatiallyrepresentative wind-speed profiles, while also being assessed within validated numerical
frameworks (e.g. Porté-Agel et al. 2011). Although the main goals to represent the mean wind
speed and shear stress within a wind farm have been achieved with the current formulation,
additional testing at full scale will provide the necessary data to improve and validate the
mixing-length model and the distribution of C T . Experiments to investigate the effect of
stability and future refinements to the model should also be considered. The incorporation of
dispersive stresses into the model will allow for the consideration of certain wind directions
with aligned wakes, as well as the development region of the flow. Future research should
also investigate whether atmospheric stability plays a significant role in the flow dynamics
of a fully-developed wind-farm canopy during operations. The current model may easily be
extended by modulating the mixing-length parametrization to account for stratification. The
effect of the turbine layout on the flow-development length scale should be investigated to
determine the significance of the wind-direction distribution on the assumptions of the model.
The model may also be extended with appropriately defined distributions of the Prandtl and
Schmidt numbers to model heat and scalar transport at the surface within large wind farms.
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